The objective of this investigation is to study the onset of vortex shedding. The simulation of the flow throws deep insight into the wake-zone dynamics. The diagnostic tools such as Fast Fourier Transform and phase portrait are used to understand the wake dynamics better. Furthermore, a stability analysis is accomplished by involving the complex Stuart-Landau model. The critical value of the Reynolds number is estimated from the Landau constants that correspond to the non-linearity. Three different blockages were considered in this study and are found that the critical values of the Reynolds number and the Strouhal number are sensitive to the blockage ratio. The Landau model was suggested for the local wake variable rather than a global variable. The bifurcation diagram, culminated from the simulation results, clearly reveals the occurrence of super critical Hopf bifurcation.
Introduction
The flow past bluff bodies has been the subject of research both by experiments and numerical studies. Due to the hydraudynamic instabilities, a time periodic oscillation termed as von Kármán vortex street develops in the wake zone at some critical Reynolds number (Re cr ). The oscillatory flow has serious consequences in various fields of engineering, such as aeroelasticity, structural vibrations and the design of heat exchangers.
Over the years, extensive reviews on this topic have been reported. A recent comprehensive one was by Williamson (1996) . Investigations pertaining to estimation of the critical Reynolds numbers, at the onset of vortex shedding are also found in the literature. For example, Jackson (1987) carried out stability analysis of flow past various bluff bodies using subspace iteration method. He utilised a biquadratic interpolation for velocity and piecewise linear discontinuous function for pressure. Morzynski et al. (1999) used a penalty function formulation with the subspace iteration technique. Ding and Kawahara (1999) utilised a Krylov subspace method to investigate the stability of flow past a circular cylinder. A mixed finite element method was used with quadratic interpolation for velocity and linear functions for pressure. Recently, an extensive study on stability was presented by Kumar and Mittal (2006a) using Direct Time Integration (DTI) and Linear Stability Analysis (LSA). They reported the critical Reynolds number and its variation due to the effect of blockage. The simulations were based on a fully coupled, stabilised finite element formulation using equal order interpolation.
The onset of vortex shedding is characterised by Hopf bifurcation. The first Hopf bifurcation is analysed theoretically and by direct simulation by Dusek et al. (1994) . The Landau equation is studied theoretically and its applicability is reviewed. The simulations were performed using spectral discretisation. The work of Noack and Eckelmann (1994) confirms that the onset of periodicity is supercritical Hopf bifurcation which can be modelled by the Landau equation. They used a Galerkin formulation for the flow computation. A finite volume based simulation for the flow past a square cylinder is reported by Sohankar et al. (1998) . Their study involves the estimation of critical Reynolds number using linear Landau constant for various angle of incidences.
The critical Reynolds number for onset of vortex shedding was found to be sensitive to the aspect ratio (see Norberg, 1994) and to the end boundary conditions (Williamson, 1989) . The critical values of the Reynolds number and the Strouhal number are also found to be sensitive to the blockage ratio (Kumar and Mittal, 2006b ). In the present study, the effect of blockage has been addressed even though the effect of blockage is not the main theme of this work.
In this work, we present a segregated method of solution to incompressible Navier-Stokes equations using SUPG based Finite Element method. The algorithm is based on a predictor-corrector approach that uses an equal order interpolation functions for both velocity and pressure. Simulations of the unsteady flow past circular cylinder near the onset of vortex shedding were performed for three different blockages D/H = 0.1, 0.0714 and 0.05. Furthermore analysis of the Landau model coefficients yields the Re cr for each of the blockage ratios. The bifurcation diagram clearly depicts the supercritical Hopf bifurcation and the Landau constants confirms the same.
Governing equations and solution methodology
The incompressible Navier-Stokes equations in the Cartesian coordinate system form the governing equations of the flow. For a Newtonian fluid with constant density and viscosity, the equations are expressed in the following non-dimensional form:
Where, Re is the Reynolds number given as (ρU ∞ D)/µ. As to symbols, D is the length scale and U ∞ is the velocity scale of the problem under consideration. Three different blockage ratios were considered and the corresponding the distance between top and bottom boundaries (H) are: 10D, 14D and 20D. Figure 1 shows the computational domain used in this investigation. In this study the following boundary conditions were used. At the inlet, which is located X u = 7D units upstream of the centre of the cylinder, a uniform flow was prescribed (u = 1, v = 0). At the outlet, which is located X d = 15D units downstream of the centre of the cylinder an Neuman Boundary Condition (NBC) for both u and v were used. No-slip conditions were prescribed at the body surfaces. At the upper and lower boundaries, symmetry conditions simulating a frictionless wall were used (∂u/∂y = v = 0). The normal derivative of pressure was set to zero on all boundaries except at outlet where pressure is set to zero.
Solution methodology
A finite element method has been used for the present study to solve the governing equations numerically. An explicit time-stepping numerical technique with Streamline Upwind Petrov-Galerkin (SUPG) formulation (Brooks and Hughes, 1982) has been adopted. The finite element method is an extension of the earlier work of Maji and Biswas (1999) . The method due to Maji and Biswas (1999) is viewed as an variant of Donea et al. (1982) . The method of Donea et al. (1982) is built on the projection scheme of Chorin (1967) . The projection scheme of Chorin (1967) was originally developed in a finite difference context and is identical to MAC method of Harlow and Welch (1965) . The complete solution at each time step is obtained through three steps as follows.
Step 1: Calculation of provisional velocities
The provisional velocities are calculated from the momentum equations by dropping the pressure terms. This results in a conventional advection diffusion equation. Since these explicitly advanced velocities do not necessarily satisfy the continuity equation, they are called as provisional velocities and are marked asterik (*).
The explicit Euler's scheme is used to discretise the above equation, except for the second order Adams-Bashforth discretisation of the convective terms. The final form of the equation used for the calculation of the provisional velocities u * and v * are,
Step 2: Solution of pressure equation
To form the equation required for the calculation of pressure, the pressure term, which was initially ignored may be taken into account now. Thus expanding the momentum equations in time domain the following equations are obtained
Subtracting Equation (4) from Equation (5), we get,
Taking the divergence of Equation (6) and imposing the continuity condition on the (n + 1)th time level , we get the Poisson equation for pressure as, 2 * 2 1 = .
The Right Hand Side (RHS) of which can be computed from the provisional velocities at every time step. The equation is solved implicitly with proper boundary conditions to obtain the pressure at the (n + 1) time step. The Left Hand Side (LHS) of the Equation (7) is independent of the time terms. Hence it can be computed outside the time loop only once. Symmetric nature of Poisson equations requires only half of the matrix to be stored. The system of equations is solved by the Crout's method. A compact skyline format is used for the storage of the factorised equation system. Thus at every time step, the solution is yielded by forward reduction, backward substitution and diagonal scaling.
Step 3: Velocity correction
The velocities are corrected at the next time step by updating the provisional velocities using the evaluated pressure. Equation (6) is used to calculate the velocities u n+1 and v n+1 . One can interpret the role of pressure in incompressible flow as a projection operator which projects an arbitrary vector field into a divergence free vector field.
Finite element formulation
The Advection-Diffusion equation of u and v can be represented as a single equation shown below, where
Let Ω (geometry of interest) be a bounded region in ℜ 2 bounded by the piecewise smooth boundary Γ. Let x = {x, y}, denote the vector of spatial coordinate of a general point in Γ and let t denote the time value in the interval I = [0,T]. Let n be the outward normal vector to Γ and Γ g , Γ h , as sections of which satisfy the following
The overline in the above equations represents the set closure and ∅ denotes a empty set. In order to find a discrete solution of Equations (4), (6) and (7), we assume Ω is discretised into n e quadrilateral elements such that 
Γ when pressure is specified. C Ω functions. This is essential in finite elements because the shape (trial) functions used should posses differentiability and integrability properties. In the present formulation an equal order interpolation is used for all the unknowns. The functions are of Lagrange type that belongs to class H 1 (Ω) i.e., they are C 0 (Ω)continuous. Now finite element method can be formulated by requiring the discrete solution Φ h , p h to satisfy the weak form of Equations (4), (6) and (7). Thus Equation (4) becomes
In a similar manner, Equation (6) becomes
Following a similar approach, Equation (7) becomes 
where, N p is the total number of nodes in each element and {N} represents a column matrix of dimension 1 × N p and {N} T represents transpose of {N}. The curly brackets enclosing some quantity indicate that the corresponding nodal quantities are arranged node-wise in a column vector form. The trial functions {N} are piecewise bilinear.
The four noded bilinear elements are mapped on a 2 × 2 square with origin at the centre using isoparametric transformation. The test (weighting) functions and trial functions for the velocity correction (Eq. 13) and pressure Poisson equation (Eq. 14) are same in this formulation. However for Equation (12) formulation will be different which will be explained in the next section.
Since a Poisson type of equation is solved for pressure, the need for "pressure stabilising term (PSPG) is eliminated" in this type of formulation. Following the concept of mass lumping, the calculation and correction of velocities reduce to nodal calculation. Thus, the final form of the Equations (13) and (14) are as follows 
Streamline upwind petrov-Galerkin formulation
The numerical scheme based on standard Bubnov-Galerkin Finite Element method (GFEM) for convection-diffusion problems produces non-physical oscillatory solution when convection dominates over diffusion. To overcome this problem, Brooks and Hughes (1982) introduce a corrective diffusion which is highly anisotropic with a non-zero coefficient only in the direction of the resultant element velocity vector calculated at the geometric centre of the element. This is to make this term active only in the direction of the resultant element velocity and thereby effectively introduces upwinding in multi-dimensional problem. It is to be noted that in the SUPG formulation, h supg W weights only on the element interiors. Also, the element coefficient matrix is mass lumped. Incorporating all these concepts, the Equation (12) may be rewritten as,
which allows us to compute the provisional value Φ at the new time step in terms of the quantities at the previous time step value.
Numerical stability
For accuracy, the mesh size must be chosen small enough to resolve the expected spatial variation in all the dependent variables. Thus stability of the explicit scheme plays a vital role in determining the time stepping. Once the mesh has been selected, the conditions on time step necessary to prevent numerical instabilities are determined from Courant-Friedrichs-Lewy (CFL) condition and the von-Neumann analysis. The time step ∆t used for marching is calculated as follows
where h is the characteristic length of the element in the direction of flow 2 2 || || .
Grid generation and code validation
The computational domain is discretised into small curvilinear four-noded elements. The structure of the mesh is same as used in Mittal and Kumar (2003) . The grid is generated based on multiblock technique using the transfinite interpolation (algebraic method) further smoothened by the partial differential equation of elliptic type. The velocity components and pressure are collocated at each node of the element. The grid used for computation with blockage (D/H = 0.1) is shown in Figure 2 (a). The grid is refined very fine around the cylinder (Fig. 2(b) ) and made a little coarse in the far field. For the blockage of 0.1, having computed with 6500, 7200 and 10180 quadrilateral elements, the grid independent situation was achieved for 7200 quadrilateral elements and 7400 nodes. Similarly for another blockage ratio (for example, for D/H = 0.0714), the grid independent condition was achieved for 10926 quadrilateral elements and 11168 nodes. For the blockage ratio of 0.05, 14832 quadrilateral elements and 15110 nodes were used. This SUPG based Finite Element code has been tested satisfactorily on a number of benchmark problems, such as the flow in a lid-driven cavity, the flow over a backward-facing step and the flow in a buoyancy driven cavity. In the present investigation, the algorithm is applied to a dynamic problem and the results are verified.
Results and discussions

Steady and unsteady simulations
The simulation were carried out for a wide range of Reynolds number from subcritical to supercritical. As a validating case, simulations for Re = 100 were carried out for 50000 time-steps, corresponding to 700 time units. The dynamic steady state was reached at about 300 time units. Figure 3(a) -(e) show the instanataneous streamlines in a one complete time period. The constant vorticity contours clearly capture the vortex shedding (Fig. 4) . It is quite evident from these figures that the flow behaviour is commensurate with the available results (Brooks and Hughes, 1982) . The shedding frequency is calculated using the FFT of the transverse velocity recorded at the wake centreline. The Strouhal number is found to be 0.1556 that matched well with the results of Schumm et al. (1994) , though it is lower than what was found (0.164) by Lange et al. (1998) . The Strouhal number obtained by Schumm et al. (1994) is 0.1596. The variation of pressure coefficient in the present computation also matched well with that of Zdravkovich (1997) . The Strouhal-Reynolds number relationship is a comprehensive description of the wake dynamics. A proper three-dimensional simulation is required to accurately record the nuances of wake characteristics with the variation of Re. We have attempted to study Strouhal-Reynolds relationship over a range of Re. Figure 8 shows the variation of Strouhal number over a wide range of Re. The Mode A and Mode B discontinuities are not captured in a two-dimensional simulation, but the overall variation of Strouhal number is qualitatively and quantitatively comparable with the available results of Schumm et al. (1994) and Williamson (1996) . 
Study of Hopf bifurcation using Landau equation
The The constant λ is actually γ + iω and the constant c is given by C r + iC i . Physically γ and ω represent the amplification rate and the angular frequency of the oscillations having infinitesimal amplitudes. The constants γ and ω are same at all points of the flow and thus they are global characteristics of the unstable global mode (proved later). But the constants C r and C i are not global in nature. The saturation amplitude calculated from the above model gives, Λ ∞ = (γ/C r ) ½ . It is known that the saturation amplitude varies in space, which implies that the constant C r varies in space as γ is a constant.
By expressing A(t) as the following form,
it is possible to separate the amplitude(Λ) and phase(φ) of A(t). Upon substituting in Equation (21) we get a pair of equations like,
The model has applicability if the flow at the onset of vortex shedding at critical Reynolds number reveals a Hopf bifurcation. Here γ is the bifurcation parameter. Following the first order approximation, at small departures from onset, the real part γ is a linear function of (Re -Re cr ). Thus for any positive K,
The equations can be verified by analysing the time signal recorded at various points in the flow field around the threshold of instability (>Re cr ). Rearranging the above equations, we get the following convenient form,
Substituting Λ ∞ = (γ/C r ) ½ in Equation (26), we get the following form,
where, I g is the instantaneous growth rate and N a is the normalised square of amplitude. To find the Re cr , the simulation were run at each Re close to the onset of vortex shedding. The value of γ was found from Equation (28) by fitting a straight line in a plot of the non-dimensional instantaneous growth rate ( I g ) vs. the normalised square of amplitude( N a ). As pointed out by Dusek et al. (1994) , this approach reduces the predictability of the model because it represents the percentage of saturation amplitude reached at a given time instant. Hence here we use Equation (26) to estimate γ and C r . The critical Reynolds number was then calculated from the location of γ = 0 in the plot of Equation (25).
The simulations were carried out for Re = 45, 46, 47, 48, 49 and 50 respectively for various blockage ratios (D/H = 0.1, 0.071 and 0.05). These Reynolds numbers are close to the Re cr . For the purpose of demonstrating, a representative case: Re = 48 and D/H = 0.1 is used. The Re = 48 is selected for presentation to compare the results with the previous research work of Dusek et al. (1994) . The growth and saturation of the transverse velocity was recorded at the wake centreline at the following locations: 8, 10, 12, 15, 18, 20 and at a off-centre location (12, 7). It should be noted that the origin is at the bottom left of the grid shown in Figure 1 and the points are best located in the grid resolution. 10(a) show that the mode of evolution is independent of position and finally at saturation there is only one mode dominant (this is proved later). Because of the variation in timescale between the shedding period and the amplitude growth timescale, the Landau equation can be investigated for its model coefficients. We can also investigate the Landau model using the global variable, lift coefficient (C L ) as the Landau model coefficient. From our analysis, we found similar results in either case and hence we proceed further here with the local variable (the transverse velocity) as our Landau model variable. Thus the Equations (26) and (27) are applied to the signals and the Landau coefficients are estimated. In order to do this, the amplitude of all local peaks and valleys are identified from the time signal. This provides a measure of amplitude and phase with respect to time t. The derivatives on the LHS of Equations (26) and (27) The value of the linear Landau constants are summarised in the Table 1 . It can be seen that as the Re increases, the value of γ also increases. In all the cases ω is nearly constant. Thus at the onset of vortex shedding, only one global mode finds relevance during the bifurcation. Table 1 shows the value of γ and ω for the Reynolds numbers that are close to the onset of vortex shedding in the cylinder wake. Figure 13 shows the fit of Equation (25). From the fit the critical Reynolds number is found to be 45.376 for the blockage ratio (D/H) of 0.1. The critical value of Reynolds number estimated by Jackson (1987) is 45.403 for the same blockage ratio. The quantitative disagreement of the predicted constants with those of Dusek et al. (1994) is strongly attributed to the domain size. The segment of time series of the signal can lead to biasing of the constants towards the saturation or initial period. In the present study, we have maintained a resonable consistency in selecting the time series for all the cases in order to minimise the error due to this factor. ½ . The value of the multiplier is indicated in the figure. This shows that the amplitude variation is of the order of (Re -Re cr ) ½ , which is also an outcome of the analysis via Landau equation. The phase portrait is constructed using the transverse velocity time series (at (x*, y*) = (12.5, 5.0) and Re = 48) as seen in Figure 15 . The steady state (a point at the centre) loses its stability and gives rise to a limit cycle of amplitude proportional (as already shown in Fig. 14(b) ) to (Re -Re cr ) ½ . The frequency of oscillation is equal to the imaginary part of linear Landau constant at bifurcation and gradually increases to the saturation frequency in the limit cycle. These are the principal properties of the limit cycle in the neighbourhood of the Hopf bifurcation point. These observations further confirm the existence of supercritical Hopf bifurcation and completely validates Landau model applicability. 
Conclusion
The segregated SUPG based Finite Element approach is an efficient numerical tool to solve complex flows with much less computational efforts. The streamline upwinding minimises the crosswind diffusion. The consistent Petrov-Galerkin weighted residual formulation proves to be key feature for the success of this method. The finite element simulations are utilised to determine the constants of the Landau equations. Analysis of the flow past a circular cylinder at the onset of vortex shedding gives the following inferences. Critical Reynolds number is found to be 45.376 and the corresponding Strouhal number is 0.1323. Comparisons are made with the results of Dusek et al. (1994) . The analysis of the time signals for the Landau coefficients confirms that the transition is supercritical Hopf bifurcation and the amplitude variation at saturation is found to be of the order (Re -Re cr ) ½ . The variation of the Re cr with respect to the three different blockage ratios shows that the critical Reynolds number is highly sensitive to blockage ratio. The variation of Strouhal number over a wide range of Reynolds number (70 -500) is in conformity with the well known experimental observations.
